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Disc-Like Liquid Crystals: 
Molecular Motions and Nuclear 
Magnetic Relaxation t 
s. ~ U M E R  
Physics Department, E. Kardelj University of Ljubljana, Jadranska 19, 
61000 Ljubljana, Yugoslavia 

and 
M. VILFAN 
J. Stefan Institute, E. Kardelj University of Ljubljana, Jamova 39, 
61000 Ljubljana, Yugoslavia 

The theory of nuclear spin relaxation in  the liquid crystal phases formed by disc-like molecules is 
developed. Both nematic and columnar phases are treated. The following relaxation mecha- 
nisms are taken into account: translational self-diffusion, order director fluctuationsand molecu- 
lar rotations. For the description of the diffusion process in both phases. two random jump mo- 
tionsareproposed. A simpledescriptionofthe bend mode in thecolumnar phaseisalsodeveloped. 
Theangularand the frequency dependence of TI isevaluated foreachcontribution separatelyand 
for both phases. Most of the results which are calculated numerically are presented graphically. 
The results are briefly compared with those of liquid crystals consisting of rod-like molecules. 

I INTRODUCTION 

Liquid crystals formed by disc-like molecules have attracted considerable in- 
terest since their discovery in 1977.' Up to now, several disc-like compounds'-' 
which exhibit thermotropic mesophases have been found. Most investigations 
have been focused upon their basic and only a few facts' a r e  
known concerning the molecular dynamics in disc-like systems. 

As nuclear magnetic resonance and relaxation have proved to be conven- 
ient methods for the study of the molecular orientational" ordering and  dy- 

t Presented at the Eighth International Liquid Crystal Conference, Kyoto, Japan, June 30- 
July4.  1980. 
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40 [I3181 S. i U M E R  and M.  VILFAN 

namics" of rod-like molecules, it is expected that they could provide an in- 
sight into the dynamics of disc-like molecules as well. 

The aim of this contribution is to study the nuclear spin relaxation due to 
molecular motions which are expected to  contribute most to the relaxation 
rate in systems consisting of disc-like molecules. These motions are: 

i) translational self-diffusion of the molecules (SD); 
ii) collective modes associated with the orientational fluctuations of disc- 

like molecules (ODF); 
iii) rotational diffusion of the molecule around the symmetry axis normal 

to the disc plane (R). 

Fast local orientational and translational motions of the whole molecule or 
its alkyl chains are taken into account only as interaction averaging effects. 

We are going to consider both the mesophases with disc-like molecules 
stacked in parallel c ~ l u m n s l ~ ~ ' *  and those with a nematic s t r~c tu re .~  

The proton spin relaxation rates due to  each of these motions are estimated 
separately. Their relative importance is discussed for nuclei in the rigid central 
part of the disc and for nuclei in the alkyl chains. 

II NUCLEAR MAGNETIC RELAXATION 

We consider a system where each molecule carries NO nuclei (protons) with spin 
I = 4. Other nuclei have negligible dipolar and quadrupolar moments. Our 
treatment is based upon the assumption that the rate ofthe translational diffusion 
is fast compared with the dipolar frequency WD (intermolecular dipolar inter- 
actions in  frequency units), as is the case in ordinary nematic and smectic A 
liquid  crystal^.'^*^^ Therefore we define longitudinal proton spin relaxation 
rate T;' in the same way as was done for polyatomic 1iq~ids . l~ The effect of 
three-spin correlations is omitted. In addition the spin diffusion in one mole- 
cule is assumed to be fast enough to spread the Zeeman energy uniformly 
among all protons on the same molecule in a time much shorter than T I .  The 
relaxation rate is thus mono-exponential and given by'' 

where 
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MOLECULAR DYNAMICS IN DISC-LIKE PHASES [I3191 41 

Here Nis the total number of nuclei with spin I, F$ ' ( r )  are the spatial parts of 
the dipolar interactions. 

Although the natural orientation of the molecular plane is parallel to the 
magnetic field B, we shall for the sake of simplicity evaluate J ' k ' ( ~ )  for the 
case when B is parallel to the average disc normal. The results for other orien- 
tations follow simply by applying the transformation properties of the spheri- 
cal harmonics"*'* 

J'"(w, A )  = ;(sin' A - sin4 A)J"' (o ,  0") 4- ( I  - f sin' A 
+ 2 sin4 A)J '"(w ,  0") + 9(2 sin' A - sin4 A)J '* ' (w ,  0") (3) 

and 

J"'(w, A )  = 4 sin4 AJ'"(w, Oo) 4- 2 ( 2  sin' A - sin4 A ) J ' " ( o ,  0") 
+ ( I  - sin' A + 1 sin4 A)J"'(w, O O ) ,  (4) 

where 90" - A is the angle between the average disc normal and the external 
magnetic field. 

The contribution of several motions to TI can be treated separately when 
the corresponding correlation times are sufficiently different. We hope that in 
our case this situation is realized, so that we can write: 

TY' = ( T Y ' ) ~ D  + ( T ; ' ) ~ D F  + ( T Y ' ) R  + (T;')wsicjud. ( 5 )  

In the following, we shall deal with each mechanism separately. 

i Translational dlffuslon 
This relaxation mechanism will be treated ina basically similar way to that for 
ordinary nematic liquid crystals in our first paper" (hereafter called 1)and for 
smectic A liquid crystals in our second paper." 

The translational self diffusion modulates only intermolecular dipolar in- 
teractions, so one must take into account the position of interacting nuclei on 
the corresponding molecules as well as relative molecular positions. Therefore 
it is instructive to separate the interproton vector r,, into the vector r connect- 
ing the centers ofthe interacting molecules and vectors tiand Ldescribing the 
positions of nuclei on the corresponding molecules (see Figure l!) 

rli = r + t, + ( j .  ( 6 )  

As disc-like molecules are relatively thin, we assume that all protons lie in 
the disc plane. Fast alkyl chain motions which partly average out the dipolar 
interactions also justify the above approximation. Introducing the difference 
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42 [I3201 S. i U M E R  and M .  VILFAN 

FIGURE 1 Schematic presentation of two molecules with all the notations used in text. 

we define the following notation for the spatial part of the intermolecular di- 
polar interactions: 

FIkJ(r,,(/)) = F r ’ ( r ( t ) ) ,  (8) 

where 

( p  + 5)’ - 22’ k = 0 
IP + 51z k =  1 .  (9) 

( I P  + 512 + Z 2 P 2  ( P  + 5)’ 1 k = 2  

& v  
Fr’(r) = 

Here I p 4- 5 1, z. q~ are the cylindrical coordinates of the vector r + 5. The dis- 
tribution W ( 5 )  of the vector 5 is related by: 

W ( 0  = /W(5I)W(5 - 51)d251 (10) 

With the help of the two particle dynamical correlation function P(r’, r, f )  

( 1  1) 

Heren is thedensityofprotons in thesample,g(r) is thestatic paircorrelation 
function, and ( 

Neglecting two particle correlations and taking into account some proper- 
ties of the diffusion process one can express (see I )  P(r‘, r, r )  as the product: 

P(r ’ ,  r, 1 )  = go(r’) G,(r’ - r, 2 t ) ,  ( 1 2 )  

to w([)-the proton distribution projected on the disc plane. 

and following the procedure of the paper I, we can now write: 

J&%(w)  = n JJJ (Ff’(r)FfJ *(r’))(P(r’, r, t)g(r)elW‘d3r d3rr dt. 

) I  stands for the average over the distribution W ( 5 ) .  

where Gs(r, 1) is the one particle dynamical auto-correlation function, and 
go(r) is the short range part of the static pair correlation function. So one can 
write: 
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MOLECULAR DYNAMICS IN DISC-LIKE PHASES [13211 43 

where 

and 

T o  evaluate the dynamical structure factor S,(q, w )  we shall idealize the 
mesomorphic structures as follows: Consider a system where each molecule is 
a rigid cylinder with diameter d a n d  height I 4 d, an  assumption which isjusti- 
fied especially for the derivatives of the triphenylene. Further, we assume that 
the average local orientational order of the molecules is perfect. O n  the other 
hand, the molecular centers are disordered in the nematic case, while in the 
columnar phase, the molecules are stacked (in a liquid-like way' o r  regularly') 
in a hexagonal net of columns whose longitudinal positions are uncorrelated. 
The (average) stacking distance L is comparable with the molecular height 
(L  2 I). According to the above simplifications we can write: 

for the disc nematic phase 

1 . .  . z > l  or p > d  for z I I  
(17) I O . . . z < l  and p < d  

gn = m ( r )  = 

for the columnar phase 
N 

gc = go(r)7rd2 CB(I ,  - pi), (18) 
I =  I 

where p l  points to the center of the i-th column. 
Translational diffusion in systems with disc-like molecules is strongly af- 

fected by molecular shape (nematic) and also by the long range two-dimen- 
sional order (columnar phase). In our treatment, we are going to  use a random 
jump model2" which seems to be justified for the N M  R frequency region in 
classical liquids2' and in rod-like s y ~ t e m s . ' ~ ' ' ~  In this approximation, the 
Fourier transform $j (9, r )  of the correlation function G ( r ,  r )  has a simple ex- 
ponential form 

$j (q, I )  = e-l' 'q 

with 
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44 [I3221 S. 5UMER and M. VILFAN 

T 

where A(q)  is the Fourier transform of P,(r)-positional distribution after a 
single jump-which depends on the type of the liquid crystal and T the average 
jump time. With Eq. 19, the dynamical structure factor becomes: 

Now we are going to specify A ( q )  for both kinds of order. 

Nematlc phase of dirc-like molecules 
We are going to use the same model for diffusion as in our paper 1: a molecule is 
in a potential well, it is then thermally activated and makes a fast jump to a new 
position where on average it stays for a time T. The jump is assumed to be of the 
diffusion type with a strong directionally dependent average length. The cor- 
responding Fourier transform of thedistribution PI is given by theexpression: 

where the principal values of the diffusion tensor D\ and D: in the perfectly 
oriented liquid crystal are related to the average of squares of the correspond- 
ing jump lengths by 

The sign ( 1  stands for the direction parallel to the average disc normal and I 
for the direction orthogonal to it. 

Columnar phase 
Here one should distinguish between two independent translational motions: 
intercolumnar diffusion which is a kind of permeation, and one-dimensional 
intracolumnar motions. 

The intercolumnar motion is a random jump motion where molecules ex- 
change columns. The orthogonal component of the molecular position vector 
p changes at a discrete value which is equal to the diameter of the molecule d. 
The one-jump change of r , ,  is due to the uncorrelated position of the adjacent 
columns restricted to the interval ( + L ,  -15). where L is the average distance 
between two successive molecules in thecolumn. Therefore, for the hexagonal 
arrangement of columns, the positional distribution of molecular centers after 
one jump PI, has the following form: 
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MOLECULAR DYNAMICS IN DISC-LIKE PHASES [I3231 45 

where piare positional vectors of the centers of 6 adjacent columns. Perform- 
ing a Fourier transform of PI we get: 

(25) 
6 

A(q) = C (COS qpi sin qaL)/6ql,L. 
The diffusion constants are, a%ording to the relations ( 2 3 ) ,  related by: 

The above treatment can beeasily adapted to other columnar arrangements.’ 
In our further treatment, only 5 y(q) and S$’(q) can be calculated analyt- 

ically, while the integration over theq-space and theaveraging over thedistri- 
bution W ( ( )  must be performed numerically. For the evaluation of ( )(-one 
also needs W ( g )  which depends on the type of molecules. In our approximate 
treatment, we characterize W ( [ )  only by a parameter c defined by 

c2 =I W ( [ )  g2 d 2 [ .  (27) 

Introducing thedimensionless function Rn for the nematic phaseand R,for 
the columnar phase we can write: 

Explicit relations between R and f k ’  can be easily obtained using Eqs. 
( 1-4). Numerical calculations of R, and R, have been performed for a number 
of different values of parameters. The spin distribution has an effed mainly on 
the value of the relaxation rate, but only weakly on theangular and frequency 
dependencies of T I .  Therefore, we shall postpone this problem until theexper- 
imental data are available. The frequency dependence, normalized to one at  
zero Larmor frequency, is presented in Figure 2 for both phases, using the fol- 
lowing values of the parameters c = 0.7, A = 9W, I/d = 0.25, while Dj/DI = 3 
and 0.:>/d2 = 0.1 for the nematic phase, and D!/Dft = 24 (Eq. 26) for the 
columnar phase. For comparison, there is Torrey’s dispersion, which describes 
( T;~(w))sD for isotropic liquids. One can conclude that discotic nematicdisper- 
sion in the low frequency region WT 5 0 . 2 ,  obeys the well known J ( o )  = C - 
C ’ G l a w ,  which is valid for isotropic liquids and rod-like nematics. On the 
other hand, the columnar dispersion is completely different-Lorentz like- 
and this can be explained by a relatively well defined permeation jump length. 
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FIGURE 2 Frequencydependenceofthe translationaldiffusioncontribution to Ti' for: i) the 
nematic phase formed by disc-like molecules, ii) the columnar phase, and iii) isotropic liquids. 

The angular dependence ofthe nematic (T;l)sD(normalized to one at A = Oo) 
presented in the Figure 3 for several w r  showsa weak anisotropy. For D I /  D\ 
= 3, ( Til)so decreases with increase of A from 0" to 90" for about 20% in the 
low frequency region. At higher frequencies, the anisotropy is even weaker, 
while the increase of D I /  DY, enhances the anisotropy. 

The columnar angular dependence presented in Figure 4 shows that 
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FIGURE 3 
like nematic phase for several values of W T  and two different values of D y /  D i .  

Angulardependenceofthe relaxation induced by translationaldiffusion in thedisc- 

increases on going from A = 0" to 90". The anisotropy is again about 20937, 
but with even less pronounced frequency dependence. 

ii Order director fluctuations 
The molecular director n(r,t) is defined as the unit vector pointing in the lo- 
cally preferred direction of the normal to the molecular plane. Its orientation 
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MOLECULAR DYNAMICS IN DISC-LIKE PHASES [I3271 49 

is expected to change slightly in space and time as has been found in liquid 
crystals with rod-like molecules. These orientational fluctuations (usually 
called order director fluctuations-ODF) are in fact collective modes asso- 
ciated with the bend, twist or splay elastic deformation of a liquid crystal. 
They have been shown to be the most important relaxational mechanism for 
protons in both nematic and smectic A (rod-like) liquid crystals,22 with how- 
ever a few exceptions. It is thus expected that order director fluctuations could 
play an important role in the proton relaxation indiscotic liquid crystal phases 
as well. However, their importance is strongly limited by the fact that proba- 
bly only the protons attached to the central part of the molecule, i.e. to the 
benzene or triphenylene ring, can be relaxed directly via order director fluc- 
tuations. Relatively long and flexible alkyl chains are not expected to play an 
important part in this type of motion. 

The proton spin relaxation rate due to order director fluctuations in a dis- 
cotic nematic phase can be theoretically determined in thesarne way as for the 
rod-like nematic phase. The relaxation is caused by the modulation ofdipolar 
interaction between adjacent protons of the same molecule. Order director 
fluctuations do not influence the distance between two protons; they only 
change the angle between the direction of inter-proton vectors, which lie ap- 
proximately perpendicular to the director in  the plane of the molecule. For 
such a case, thespectral densities (Eq. 2) which are needed to calculate (T;')oDF 
(Eq. I )  can be written as23 

Here n, denotes the component of n (r, t)  perpendicular to the average direc- 
tion of the disc-normal. n,is zero at equilibrium and different from zero when 
fluctuations in the orientation take place; rI2 denotes the inter-proton distance. 
For small fluctuations of n, J"' and J 'O'  are zero in the first approximation. 

It is easy to show-in the same way as for rod-like nematicszZ-that by intro- 
ducing the Fourier components of nl( r, r ) ,  and replacing the summation over 
all wave vectors by an integration from zero to infinity, J"' (w)  becomes: 

Here K I ,  K2, and K3 stand for three different elastic constants and r ] ,  are the 
corresponding v i sc~s i t i e s .~~  Values of the elastic constants can be, in the case 
of disc-like nematics, significantly different from those in a classic nematic. 
This difference does not influence the frequency and angular dependence of 
the relaxation rate. It is obvious that (T;I)ODF in the discotic nematic phase is 
inversely proportional to the square root of the Larmor frequency, (T?)oDF 
a l/& In a calculation, where the low and high frequency cut-offs of the 
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wave vector are taken into account becomes independent of fre- 
quency at very low frequencies and proportional to 1/w2 at very high frequen- 
cies. ( TI)ODF for a 100 MHzcut-offfrequency is shown for the nematic in Fig- 
ure 5 .  The angular dependence of ( presented in Figure 6 shows that 
the relaxation rate decreases for about 50% when the sample is turned from its 

2.0 

~ 1 . 5  
I r - 
I -  
c 
Y 
c 

\ 
h 

3 
Y 
c 

I -  
c 

1.0 

0.5 

columnar - / 

0 I 

0.5 1.0 1.5 
u-1/2 [ M H f 1 / 2 ]  

FIGURE 5 
nematic and columnar phases consisting of disc-like molecules. 

Frequency dependence of the contribution of director order fluctuations to T;' for 
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Angular dependence of the relaxation rate induced by director order fluctuations D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

3:
08

 2
3 

Fe
br

ua
ry

 2
01

3 



52 [1330] S. i U M E R  and M. VILFAN 

“natural” orientation in the magnetic field through 90”. In the high frequency 
limit the relaxation rate has its minimum value at A = 45O. 

To calculate ( T~’)oDF in the columnar phase, we must first derive a descrip- 
tion of its order director fluctuations. It has been found by Levelut’ that bend- 
ing of the columns definitely takes place. For a wave length > 15 di, the fre- 
quency is low, so that bending is potentially an efficient mechanism for the 
proton relaxation. Other elastic deformations are not expected to be impor- 
tant in the columnar phase. We write the expression for the free energy density 
in its simplest form: 

where p = d x v ,  and u denotes the displacement of the column perpen- 
dicular to  its long axis. This distortion is related to n, through d d d p  = n,. 
The last term in Eq. (31) describes the bending of the columns, while the sec- 
ond takes into account the eventual compressibility of the columns. By ex- 
panding u(r) in a Fourier series 

u(r) = C u(q)eiq*’, (32) 
9 

applying the RPA approximation, and using the equipartition theorem one 
can get:24 

<nl(q, o)nl(q, t ) >  = < I  nl(q) I T q  (33) 

with 

and 

where 77 is the corresponding viscosity coefficient. Inserting these equations 
into the expression for the spectral density J ( ” ( w )  we obtain: 

Also here the high frequency cut-off is taken into account so that the integra- 
tion over q is performed only up to the cut-offs qllc and qlc which are of the 
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order oft  he reciprocal molecular dimension. Evaluating the spectral density 
J % F ( w ) ,  the low and high frequency limits can be obtained analytically. The 
values in  the intermediate region must be evaluated numerically. In the low- 
frequency limit ( T;')oDF is frequency independent, while it behaves like 1/02 

in the high frequency region. Figure 5 also represents the frequency depend- 
ence of the columnar ( T;')oDF for a 100 M H z  cut-off frequency and C = 
BKq:, / q2 = 0.0 I .  The region where the relaxation rate is a linear function of 
l/& is limited to low frequencies w < 1 MHz. The angular dependence is 
similar to that in a disc-like nematic. 

It should be stressed that the value of ( T;')oDF depends on the number of 
proton pairs which are involved in this relaxation process. 

iii Rotational diffusion 
The disc-like molecules have large moments of inertia around their symmetry 
axes, so it is expected that corresponding molecular rotations are relatively 
slow and therefore can play an important role in the proton spin relaxation. 
However translational self-diffusion and fast alkyl chain motions averageout 
the intermolecular interactions and a part of the intramolecular interactions, 
respectively. That reduces the relaxation effectiveness of the rotation. As the 
relaxation due to molecular rotations has already been treated many times," 
weshalldeal with the problem only briefly. Introducing the rotational correla- 
tion time T,, one can easily estimate the magnetic relaxation of a proton pair 
lying in the plane normal to the rotational axis. For B parallel to the molecular 
director the spectral densities are J$' = Jk" = 0 and 

The resulting (T; ' )R has a well known Lorentzian frequency dependence. Its 
value depends on the number of the proton pairs with a non-averaged dipolar 
interaction. The angular dependence is for comparison presented in Figure 7. 

111 CONCLUSIONS 

In this paper some relaxational mechanisms for disc-like mesophases are 
treated theoretically. 

i) The general theory of the translational diffusion-induced nuclear spin re- 
laxation in rod-like liquid crystals developed in I is extended to  disc systems. 
The disc nematic phase is treated similarly to the corresponding rod-like case, 
while for the columnar phase, a jump model for the molecular permeation is 
introduced. 
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Angular dependence of the relaxation induced by molecular rotations for three D
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ii) The relaxation due to order director fluctuations developed for the or- 
dinary nematic phase is applied to the disc-like nematic, while for the colum- 
nar phase a simple elastic continuum theory for the bend mode is developed. 

iii) For the rotational contribution, the well known expressions (developed 
for simple liquids) are used. 

The first relaxation mechanism which modulates the intermolecular dipo- 
lar interactions involves all protons. The other two mechanisms modulate the 
intramolecular interaction, which is on the other hand partly averaged out by 
the fast motions ofalkyl chains. That means that especially the protons which 
are in  the rigid part of the disc molecule contribute to these two relaxation 
processes. 

Numerical results for the frequency and angular dependence of TI show 
that they are characteristic for each relaxation mechanism. So an analysis of 
the experimental data should give an insight into the dynamics of disc-like 
molecules. However only if data were available in a wide frequency range (a 
few kHzto 100 MHz)andfortheangles Ainthewholeinterva1(0°,900)could 
the conclusions bedecisive. Additional information can be obtained by partial 
deuteriation of the alkyl chains. 
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